We investigate the fermionic condensate and the vacuum expectation value of the energymomentum tensor for a massive fermionic field in the geometry of two parallel plate on the background of Minkowski spacetime with an arbitrary number of toroidally compactified spatial dimensions, in the presence of a constant gauge field. Bag boundary conditions are imposed on the plates and periodicity conditions with arbitrary phases are considered along the compact dimensions. The nontrivial topology of the background spacetime leads to an Aharonov-Bohm effect for the vacuum expectation values induced by the gauge field. The fermionic condensate and the expectation value of the energy-momentum tensor are periodic functions of the magnetic flux with period equal to the flux quantum. The boundary induced parts in the fermionic condensate and the vacuum energy density are negative, with independence of the phases in the periodicity conditions and of the value of the gauge potential. Interaction forces between the plates are thus always attractive.
Introduction
In a good number of problems one needs to consider a physical model on the background of some manifold with compactified spatial dimensions. Many high-energy theories of fundamental physics are formulated in a higher dimensional spacetime and it is commonly assumed that the extra dimensions are compactified. In particular, additional compact dimensions have been extensively used in supergravity and superstring theories. From the inflationary point of view, universes with compact dimensions, under certain conditions, should be considered a rule rather than an exception [1] . Models of a compact universe with non-trivial topology may play an important role by providing proper initial conditions for inflation. There has been a large activity to search for signatures of non-trivial topology by identifying ghost images of galaxies, clusters or quasars. Recent progress in observations of the cosmic microwave background provides an alternative way to observe the topology of the universe. An interesting application of the field theoretical models with compact dimensions recently appeared in nanophysics [2] . The longwavelength description of the electronic states in graphene can be formulated in terms of the Dirac-like theory in 3-dimensional spacetime with the Fermi velocity playing the role of speed of light (see, e.g., Refs. [3, 4] ). Single-walled carbon nanotubes are generated by rolling up a graphene sheet to form a cylinder and the background spacetime for the corresponding Dirac-like theory has topology R 2 × S 1 . For another class of graphene-made structures, called toroidal carbon nanotubes, one has as background topology R 1 × (S 1 ) 2 .
The boundary conditions imposed on fields along compact dimensions give rise to a modification of the spectrum of the vacuum fluctuations and, as a result, to Casimir-type contributions in the vacuum expectation values of physical observables (for the topological Casimir effect and its role in cosmology see [5] and references therein). In models of Kaluza-Klein type, the Casimir effect has been used as a stabilization mechanism for moduli fields and as a source for dynamical compactification of the extra dimensions, in particular, for quantum Kaluza-Klein gravity (see Ref. [6] ). The Casimir energy can also serve as a model for dark energy needed for the explanation of the present accelerated expansion of the universe (see [7] and references therein). In addition, recent measurements of the Casimir forces between macroscopic bodies provide a sensitive test for constraining the parameters of long-range interactions, as predicted by modern unification theories of fundamental interactions [8] . The influence of extra compactified dimensions on the Casimir effect in the classical configuration of two parallel plates has been recently discussed in [9] , for the case of a scalar field, and in [10] , for the electromagnetic field with perfectly conducting boundary conditions.
More recently, interest has been focussed on the topic of the Casimir effect in braneworld models with large extra dimensions. This type of models (for a review see [11] ) naturally appear in the string/M theory context and they provide a novel set up for discussing phenomenological and cosmological issues related with extra dimensions. In braneworld models the investigation of quantum effects is of considerable phenomenological value, both in particle physics and in cosmology. The braneworld corresponds to a manifold with boundaries and the bulk fields will give Casimir-type contributions to the vacuum energy and, as a result, to the vacuum forces acting on the branes. The Casimir forces provide a natural mechanism for stabilizing the radion field in the Randall-Sundrum model, as required for a complete solution of the hierarchy problem. In addition, the Casimir energy gives a contribution to both the brane and the bulk cosmological constants. Hence, it has to be taken into account in any self-consistent formulation of the braneworld dynamics. The Casimir energy and corresponding Casimir forces within the framework of the Randall-Sundrum braneworld [12] have been evaluated in Refs. [13] by using both dimensional and zeta function regularization methods. Local Casimir densities were considered in Ref. [14] . The Casimir effect in higher dimensional generalizations of the Randall-Sundrum model with compact internal spaces has been investigated in [15] .
In the present paper we will study the fermionic condensate, the Casimir energy density and the vacuum stresses for a massive fermion field in the geometry of two parallel plates on a spacetime with an arbitrary number of toroidally compactified spatial dimensions. We will impose generalized periodicity conditions along the compact dimensions with arbitrary phases and MIT bag boundary conditions on the plates. The presence of a constant gauge field will be assumed as well. Though the corresponding field strength vanishes, the nontrivial topology of the background spacetime leads to Aharonov-Bohm-like effects on the vacuum expectation values. The total Casimir energy in the geometry under consideration has been discussed in Ref. [16] , in the absence of a gauge field. The investigation of local physical characteristics in the Casimir effect, such as the expectation value of the energy-momentum tensor and the fermionic condensate, is of considerable interest. Indeed, local quantities contain more information on the vacuum fluctuations than global ones. In addition to describing the physical structure of the quantum field at a given point, the energy-momentum tensor acts as the source in Einstein's equations and, therefore, it plays an important role in modeling a self-consistent dynamics which involves the gravitational field. The fermionic condensate plays an important role in the models of dynamical chiral symmetry breaking (see review [17] for chiral symmetry breaking in the Nambu-Jona-Lasino and Gross-Neveu models on the background of a curved spacetime with non-trivial topology and [18] for very recent developments).
The fermion Casimir energy for two parallel plates in 4-dimensional Minkowski spacetime with trivial topology has been considered in [19] , for a massless field, and in [20] in the massive case. For arbitrary number of dimensions, the corresponding results are generalized in Refs. [21, 22] for the massless and massive cases, respectively. The fermionic condensate for a massless field has been considered in Refs. [23] . The Casimir problem for fermions coupled to a static background field in one spatial dimension is investigated in [24] . The interaction energy density and the corresponding force are computed in the limit that the background becomes concentrated at two points. The fermionic Casimir effect for parallel plates with imperfect bag boundary conditions modelled by δ-like potentials is studied in [25] . The topological Casimir effect and the vacuum expectation value of the fermionic current for a massive fermionic field in a spacetime with an arbitrary number of toroidally compactified spatial dimensions have been considered in [26, 27] .
The paper is organized as follows. In the next section, we specify the eigenfunctions and the eigenmodes for the Dirac equation in the region between the plates assuming bag boundary conditions on them. The fermionic condensate in this region is considered in Sect. 3. By using an Abel-Plana-type summation formula, we express the condensate as the sum of a pure topological, single plate contribution and interference parts. Various limiting cases are then considered. The vacuum expectation value of the energy-momentum tensor is investigated in Sect. 4. A generalization for a conformally-flat background spacetime is given. In Sect. 5 we study applications of the general formulas to the Casimir effect for electrons in a carbon nanotube, within the framework of a 3-dimensional Dirac-like model. The main results of the paper are summarized in Sect. 6.
Fermionic eigenfunctions
Consider a spinor field, ψ, propagating on a (D + 1)-dimensional flat spacetime with spatial topology R p+1 × (S 1 ) q , p + q + 1 = D. We will denote by z p+1 = (z 1 , . . . , z p+1 ≡ z) and z q = (z p+2 , . . . , z D ) the Cartesian coordinates along the uncompactified and the compactified dimensions, respectively. For these coordinates we have −∞ < z l < ∞, l = 1, . . . , p + 1, and 0 z l L l for l = p + 2, . . . , D, with L l being the length of the l-th compact dimension. We assume that along the compactified dimensions the field obeys quasiperiodic boundary conditions
with constant phases |α l | 1/2 and e l is the unit vector along the direction of the coordinate z l , l = p + 2, . . . , D. Condition (2.1) includes the periodicity conditions for both untwisted and twisted fermionic fields as special cases with α l = 0 and α l = 1/2, respectively. The special cases α l = 0, ±1/3 are realized in nanotubes.
In this paper we are interested in the fermionic condensate and in the vacuum expectation value (VEV) of the energy-momentum tensor induced by two parallel plates located at z = 0 and z = a. On the boundaries the field obeys MIT bag boundary conditions 2) with γ µ being the Dirac matrices and n µ the outward oriented (with respect to the region under consideration) normal to the boundary. Note that from the conditions (2.2) it follows that, on the boundaries,ψψ = 0 and n µψ γ µ ψ = 0, whereψ = ψ † γ 0 is the Dirac adjoint and the dagger denotes Hermitian conjugation. In the discussion below the calculations will be done for the region between the plates, 0 < z < a, where we have n µ = −δ p+1 µ at z = 0 and n µ = δ p+1 µ at z = a. The expressions for the VEVs in the regions z < 0 and z > a are obtained as limiting cases.
Dynamics of the massive spinor field is governed by the Dirac equation
In the (D + 1)-dimensional spacetime, the Dirac matrices are
, where the square brackets mean integer part of the enclosed expression. We will take these matrices in the Dirac representation:
From the anticommutation relations for the Dirac matrices one has σ µ σ + ν + σ ν σ + µ = 2δ µν . In the case D = 2 we have N D = 2 and the Dirac matrices are γ µ = (σ P3 , iσ P1 , iσ P2 ), with σ Pµ being the 2 × 2 Pauli matrices.
The boundary conditions (2.1) and (2.2) lead to the modification of the spectrum for vacuum fluctuations of the fermionic field and, as a result, to the topological and boundary induced Casimir effects on the VEVs of physical observables. For the evaluation of the VEVs we need the complete set of positive-and negative-energy solutions to the Dirac equation satisfying the boundary conditions (2.2) . The dependence on the coordinates parallel to the plates, z = (z 1 , . . . , z p , z p+2 , . . . , z D ), can be presented in the standard exponential form exp(ik · z ), with
The eigenvalues for the components of the wave vector along the compactified dimensions are determined from the periodicity conditions (2.1): 5) with n p+2 , . . . , n D = 0, ±1, ±2, . . .. For the components along the uncompactified dimensions one has −∞ < k l < ∞, l = 1, . . . , p. The corresponding positive-and negative-energy eigenspinors have the form 6) where
and β is the collective index for the set of quantum numbers specifying the solutions (see below). The spinors in (2.6) are given by the expressions
From the boundary condition (2.2) on the plate at z = 0 we find the following relations between the spinors in (2.7) 8) where σ = (σ 1 , . . . , σ p , σ p+2 , . . . , σ D ). We will assume that they are normalized in accordance with ϕ
As a set of independent spinors we will take ϕ − = w (σ) and χ + = w (σ)′ , where w (σ) , σ = 1, . . . , N D /2, are one-column matrices having N D /2 rows with the elements w (σ) l = δ lσ , and w (σ)′ = iw (σ) . Now the set of quantum numbers specifying the eigenfunctions (2.6) is β = (k, σ). From the boundary condition at z p+1 = a it follows that the eigenvalues of k p+1 are roots of the transcendental equation
All these roots are real. We will denote the positive solutions of Eq. (2.9) by λ n = k p+1 a, n = 1, 2, . . .. For a massless field one has λ n = π(n − 1/2). Note that Eq. (2.9) does not contain the parameters of the compact subspace and is the same as in the corresponding problem on the topologically trivial Minkowski spacetime (see [5] ). Note that this will not be the case in a more general class of compact subspaces. The normalization coefficient A β in (2.6) is determined from the orthonormalization condition dz
Here, the symbol δ ββ ′ is understood as the Dirac delta function for continuous indices and the Kronecker delta for discrete ones. The substitution of the eigenfunctions (2.6) into this condition leads to the result 11) where V q = L p+2 · · · L D is the volume of the compact subspace. We can generalize the eigenfunctions given above to the situation when an external electromagnetic field with vector potential A µ = const is present. In spite of the fact that the corresponding magnetic field strength vanishes, the non-trivial topology of the background spacetime leads to the appearance of an Aharonov-Bohm-like effect for the physical observables. In particular, the corresponding VEVs depend on A µ . Now the Dirac equation has the form iγ µ (∂ µ +ieA µ )ψ−mψ = 0 and, by making use the gauge transformation (x) , with the function Λ(x) = A µ x µ , we see that the new function ψ ′ (x) satisfies the Dirac equation with A ′ µ = 0 and the quasiperiodicity conditions similar to (2.1) with the replacement
The eigenvalues for the wave vector components along compact dimensions are defined by k l = 2π(n l +α l )/L l and the corresponding eigenspinors are obtained from those given above with the replacement (2.12).
Fermionic condensate
The fermionic condensate is among the most important quantities that characterize the properties of the quantum vacuum. Although the corresponding operator is local, due to the global nature of the vacuum, this quantity carries important information about the global properties of the background spacetime. Having the complete set of eigenspinors, we can evaluate the fermionic condensate by using the mode-sum 1) where · · · stands for VEV. By taking into account the expression (2.6) for the negative-energy eigenspinors, the fermionic condensate in the region between the plates can be expressed as 2) where n q = (n p+2 , . . . , n D ) and
Of course, the expression on the rhs of Eq. (3.2) is divergent. We will assume that some cutoff function is present, without writing it explicitly. For the further evaluation of the fermionic condensate we apply to the sum over n in Eq. (3.2) the Abel-Plana-type summation formula 4) with the function
Formula (3.4) is a special case of the summation formula derived in Ref. [29] on the basis of the generalized Abel-Plana formula (see also Ref. [30] ). In Eq. (3.5) and the discussion below we use the notation
After the application of formula (3.4) , the fermionic condensate is split into
where
is the fermionic condensate in the topology R p+1 × (S 1 ) q when the boundaries are absent. The term ψ ψ
is the part induced by the plate at z = 0 when the second plate is absent. The last term on the right of formula (3.7) comes from the last term in Eq. (3.4) and it is induced by the presence of the second plate. Note that this term vanishes at z = 0. For points away from the boundaries, the boundary induced part is finite and the cutoff function in the corresponding expressions can be safely removed. Renormalization is needed for the purely topological part only. The latter has been investigated in Ref. [26] (for the topological fermionic Casimir effect in de Sitter spacetime with toroidally compactified spatial dimensions see Ref. [31] ). By making use of the zeta function technique, the corresponding renormalized expression is presented in the form 10) with α q = (α p+2 , . . . , α D ), and
The prime on the summation sign in (3.10) means that the term n q = 0 is excluded from the sum. An alternative expression for ψ ψ (0) is obtained in Ref. [26] using the Abel-Plana summation formula. In the discussion below we will be concentrated on the boundary induced parts. For further transformation of the single plate part (3.9), we write the function in the integrand as (3.12) In the integral over x in (3.9) we rotate the integration contour by an angle π/2, for the term with the exponent e 2ixz , and by −π/2, for the term with the exponent e −2ixz . As a result, we get
It follows from this expression that ψ ψ (1) is always negative. By using the relation
we find ψ ψ (3.15) with the notation
The integral in Eq. (3.15) is expressed in terms of the modified Bessel function of the second type, namely
In the absence of compact dimensions, from Eq. (3.17) one finds ψ ψ
(1)
Let us consider some limiting cases of the general formula (3.17) . In the limit when the length of one of the compactified dimensions, say z j , j p + 2, is large, L j → ∞, the dominant contribution to the sum over n j in Eq. (3.17) comes from large values of n j and we can replace the corresponding summ by an integral, with the help of the relation
The integral is evaluated by using the formula
and we can see that, from Eq. (3.17) , the corresponding formula is obtained for the topology R p+2 × (S 1 ) q−1 . At small distances from the boundary, z ≪ m −1 , L l , the main contribution to the series in Eq. (3.17) comes from large values of n l and we can replace the summation by the integration and to the leading order we find (3.20) This leading behavior does not depend on the lengths of the compact dimensions and, as it is seen from Eq. (3.18), coincides with boundary induced part of the fermionic condensate for a single plate in a space with trivial topology R D in the case of a massless field. Now, let us consider the limit L l ≪ z. In this case, and for α l = 0, the main contribution comes from the zero mode with n q = 0 and to the leading order we find
Comparing with (3.18) , we see that the quantity V q ψ ψ (1) p,q /N D coincides with the corresponding result for a plate in topologically trivial (p+1)-dimensional space, R p+1 . The contribution of the nonzero modes is exponentially suppressed and, for α l = 0, the zero mode is absent. Assuming that mz is fixed, to leading order we have
where (3.22) In this case, the boundary induced part in the fermionic condensate is exponentially suppressed. Using (3.14), we can also simplify the expression for the second plate induced part in Eq. (3.7) . Combining with Eq. (3.15) we find 23) where the second term on the rhs is the boundary induced part, which is always negative. For a massless field, by using the expansion (e y + 1) −1 = − ∞ n=1 (−1) n e −ny , from this formula we find 24) where a 1 = 0 and a 2 = a and where k nq is defined by Eq. (3.6). In the case of trivial topology R D , from here we obtain
The series in these formula are given in terms of the Hurwitz zeta function. The last expression can be further simplified, for odd values of D, as (3.26) In the special case D = 3, from here we obtain the result given in Ref. [23] .
Extracting the parts corresponding to the single plates, the fermionic condensate can also be presented in the form 27) where ψ ψ (1) j is that part in the condensate induced by a single plate located at z = a j , with a 1 = 0 and a 2 = a, and the interference term is given by the expression
As it is seen from this formula, the interference part in the fermionic condensate is always positive. Note that the divergences on the plates are contained in the single plate parts and that the interference term is finite for all values 0 z a. For a massless field, similar to Eq. (3.24) , one finds the expression
In the limit L l ≪ a and for α l = 0, the main contribution comes from the zero mode with n q = 0 and to leading order we find 30) is the interference part in the fermionic condensate for the geometry of two parallel plates in (p + 1)-dimensional spacetime with trivial topology R p+1 . When α l = 0, there is no zero mode and the interference part is exponentially suppressed by the factor e −2am 0 , where m 0 is defined in Eq. (3.22) . In the discussion above we have considered the fermionic condensate in the region between the plates, 0 < z < a. For the regions z < 0 and z > a, the expression for the fermionic condensate has the form 31) where the plate-induced part is given by Eq. (3.17) with the replacement z → |z|, in the region z < 0, and with the replacement z → z − a, in the region z > a.
In the presence of a constant gauge field A µ , the corresponding formulas for the fermionic condensate are obtained from those given above by the replacement (2.12) . From these formulas it follows that the fermionic condensate is a periodic function of A l L l with the period of the flux quantum Φ 0 = 2π/|e| (Φ 0 = 2π c/|e| in standard units). It is an even function ofα l .
The formulas corresponding to the special case with a single compact dimension are obtained from those given above by taking p = D − 2, q = 1, and Fig. 1 we plot, for the simplest Kaluza-Klein-type model with spatial topology R 3 × S 1 , the dependence of the fermionic condensate for a massless fermionic field vs the ratio z/a, in the region between the plates, for untwisted and twisted fermionic fields, for several values of the ratio L/a. The dashed lines correspond to the fermionic condensate for the geometry of two plates in a space with topology R 4 , defined by Eq. (3.25) . Note that, for a massless field, the pure topological part vanishes. As it is seen from the graphs, for an untwisted (twisted) field the absolute value of the fermionic condensate increases with decreasing (increasing) length of the compact dimension.
Vacuum expectation value of the energy-momentum tensor
Another important local characteristic of the fermionic vacuum is the VEV of the energymomentum tensor. In order to find this we use the mode-sum formula 1) where the brackets denote the symmetrization over the indices enclosed. By taking into account the expressions for the spinor eigenfunctions, we find the following expressions for the components of the vacuum energy-momentum tensor (no summation over µ) where ω is defined in Eq. (3.3) and
As in the case of the fermionic condensate, we assume the presence of the cutoff function in (4.2) . It can be checked that the VEVs of the separate components obey the trace relation 4) with the fermionic condensate given by Eq. (3.2). The total vacuum energy (per unit volume along the directions z l , l = 1, 2, . . . , p) in the region 0 < z p+1 < a, 0 z l L l , l = p + 2, . . . , D, is obtained integrating T 0 0 over this region. By taking into account the expression for the energy density from Eq. (4.2) and Eq. (2.9) for the eigenvalues, we obtain the following expression for the vacuum energy
It coincides with the total energy of the fermionic vacuum in the region under consideration, evaluated as the sum of zero-point energies of elementary oscillators. Hence, we have shown that the vacuum energy obtained by integration of the energy density in the region between the plates does coincide with the energy evaluated as the sum of the zero-point energies of elementary oscillators. This means that the surface energy located on the boundaries is zero for the boundary conditions under consideration. Note that the surface energy vanishes for scalar fields with Dirichlet or Neumann boundary conditions as well, but this is not the case for a scalar field with Robin boundary conditions (see Refs. [29, 32] ). The total vacuum energy in the region between the plates, defined by Eq. (4.5), is investigated in Ref. [16] . Here we will be concerned with the vacuum energy density and stresses. For the evaluation of the VEVs, given by Eq. (4.2), we apply to the sums over n the summation formula (3.4) . After steps similar to those already described in the case of the fermionic condensate, the VEV of the energy-momentum tensor can be expressed in the decomposed form (no summation over µ) 6) where A p is given by Eq. (3.16) and we have defined the functions
In Eq. (4.6), the term (no summation over µ) 8) with f
. . , p + 1, is the VEV of the energy-momentum tensor for the topology R p+1 × (S 1 ) q when the boundaries are absent. This background is homogeneous and the corresponding densities are uniform. The second term on the rhs of Eq. (4.6) is induced by the plate at z = 0 when the second plate is absent (again no summation over µ):
The last term on the rhs of Eq. (4.6) is induced by the presence of the second plate. Note that the vacuum stress along the direction normal to the plates vanishes in the geometry of a single plate and is uniform in the region between the two plates. The renormalized expressions for the purely topological part T ν µ (0) are given in Ref. [26] . In particular, for the corresponding energy density one has 11) where, as before, the prime means that the term n q = 0 is excluded from the sum. Note that (no summation over µ) T µ µ (0) = T 0 0 (0) for µ = 1, . . . , p + 1. In the discussion below we will be concerned with the boundary induced parts.
The single plate part, Eq. (4.9), can be further simplified. With this aim, in the term with the exponent e 2ixz (e −2ixz ), we rotate the integration contour in the complex plane x by the angle π/2 (−π/2). By using the integration formula (3.14), we find the following result (no summation over µ) 12) with the notations 13) and F (p+1) 0 (x) = 0. Note that the boundary induced parts in the vacuum stresses along the uncompactified directions parallel to the plates are equal to the boundary induced part in the energy density. This result is a consequence of the Lorentz invariance of the problem along these directions. The energy density is negative everywhere. In the absence of compact dimensions, from Eq. (4.12) one finds (no summation over µ) When the length of the j-th compact dimension is large, we replace the summation over n j in Eq. (4.12) by an integral, with the help of Eq. (3.19) . As next step, we introduce a new integration variable v = x 2 − m 2 nq . After changing to polar coordinates in the (y, v)-plane, the angular part of the integral is evaluated explicitly and, as it can be seen from Eq. (4.12), to leading order the result is obtained for the topology R p+2 × (S 1 ) q−1 .
For points near the plate, z ≪ L l , the dominant contribution to the series in Eq. (4.12) comes from large values of n l . Replacing the corresponding summations by integrations, we see that, to leading order, the behavior of the VEV coincides with the one for topologically trivial space. If, in addition, z ≪ m −1 , combining Eq. (4.14) with Eq. (3.20) , one finds (no summation over µ) 15) for µ = 0, . . . , D − 1. For L l ≪ z the behavior of the VEVs is essentially different, depending on the phases α l in the periodicity conditions. When α l = 0, l = 0, . . . , D, the contribution of the nonzero modes is exponentially suppressed and the dominant contribution comes from the zero mode n q = 0. For the components along the uncompactified dimensions, to leading order we have (no summation over µ) T µ µ
is the corresponding VEV for two parallel plates in the space R p+1 located at z = 0 and z = a. For the stress along the l-th compact dimension the contribution of the zero mode vanishes and, in the case under consideration (α l = 0), the dominant contribution comes from the modes with n l = ±1, n j = 0, j = l, and the stress is exponentially suppressed (no summation over l):
We have also assumed that L l ≪ m −1 . For α l = 0 the VEVs are exponentially suppressed and to leading order we have (no summation over µ) 16) for µ = 0, . . . , p and m 0 one recovers Eq. (3.22) . We have a similar exponential suppression for the stresses along the compact dimensions. Now we return to the two plate geometry. Combining Eq. (4.12) with Eq. (4.6), for the VEV of the energy-momentum tensor in the region between the plates, we find (no summation over µ)
where 19) and G p+1 (x) = F p+1 (x). From here, it follows that the boundary induced part in the vacuum energy density is always negative. It can be easily checked that the boundary induced parts obey the trace relation (4.4) . For the VEV in the geometry of two parallel plates located at z = 0 and z = a in a D-dimensional space with topology R D , one has (no summation over µ) 20) where the expression for G 0µ (x), with µ = 0, 1, . . . , D − 1, is obtained from Eq. (4.18) by the replacement m nq → m and G 0D (x) = −2x 2 . For a massless field this result reduces to
R D is the corresponding VEV for a scalar field with Dirichlet or Neumann boundary conditions on the plates.
For a massless field and in the presence of compact dimensions, the expressions for the VEV of the energy-momentum tensor are obtained from general formulas (4.17) by putting m = 0. Alternative expressions are derived using the expansion (e y + 1) −1 = − ∞ n=1 (−1) n e −ny . After integration one finds (no summation over µ) 22) with the notations
The corresponding vacuum densities are uniform. In this case the boundary induced part in the total energy (per unit volume along uncompactified dimensions) of the vacuum is aV q ∆ T 0 0 and the corresponding result obtained from Eq. (4.22) coincides with the result derived in Ref. [16] by using zeta function techniques.
Similar to Eq. (3.27) , the VEV of the energy-momentum tensor may be presented in the decomposed form 24) where
j is the part in the VEV induced by a single plate at z = a j , with a 1 = 0, a 2 = 0. The interference part in Eq. (4.6) is given by the expression (no summation over µ) 25) with the notation
, µ = 0, 1, . . . , p, (4.26) and H p+1 (x) = F p+1 (x). The surface divergences in the VEV of the energy-momentum tensor are contained in the single plate parts only and the interference part is everywhere finite. For a massless field, the single plate parts in the VEV of the energy-momentum tensor vanish and the interference part coincides with the second term on the rhs of Eq. (4.22) . In the limit L l ≪ a and for α l = 0 the dominant contribution to the interference part comes from the zero mode n q . To leading order, we find (no summation over µ)
, where ∆ T µ µ R p+1 is the VEV for two plates in a (p+1)-dimensional spacetime with topology R p+1 . For the stress along the l-th compact dimension, the contribution of the zero mode vanishes. The dominant contribution comes from the modes with n l = ±1, n j = 0, j = l, and the stress is exponentially suppressed: ∆ T l l ∝ e −2a/L l , where we have additionally assumed that L l ≪ m −1 . For α l = 0 and L l ≪ a the interference part in the VEV of the energy-momentum tensor is suppressed by the factor e −2am 0 , with m 0 defined in Eq. (3.22) .
In the regions z p+1 < 0 and z p+1 > a the expression for the VEV of the energy-momentum tensor has the form T 27) where the boundary induced part is given by Eq. (4.12), with the replacements z → |z| and z → z − a for the regions z < 0 and z > a, respectively. In the presence of a constant gauge field A µ , the formulas for the VEV of the energy-momentum tensor are obtained by the replacement (2.12) . As in the case of the fermionic condensate, the vacuum energy-momentum tensor is a periodic function of A l L l with the period of the flux quantum. The vacuum forces per unit surface of the plates are equal to the normal stress evaluated at z = 0 and z = a. By taking into account that T p+1 p+1
(1) = 0 one finds, in the region between the plates, 28) where
(0) does not depend on the plate separation, it is a purely topological part in the vacuum forces. For this term, one has T .28) is induced by the presence of the second plate and determines the interaction forces between the plates. This term is negative and the interaction forces between the plates are always attractive, with independence of the periodicity conditions along compact dimensions and of the value of the gauge potential. In absence of the gauge field, Eq. (4.28) coincides with the result obtained in Ref. [16] , by differentiation of the total Casimir energy. For the vacuum forces in the regions z < 0 and z > a, only the pure topological part contributes, and one has
When the quantum field lives in all regions, the pure topological parts of the force acting from the left and from the right-hand sides of the plate compensate and the resulting force is determined by the last term on the rhs of Eq. (4.28) . In some important physical situations (bag model in QCD, finite-length carbon nanotubes, higher-dimensional models with orbifolded extra dimensions) the quantum field is confined to the interior of some region and there is no field outside. For the problem under consideration, if the quantum field is confined in the region between the plates, the total Casimir force, acting per unit surface of the plate, is determined by Eq. (4.28) and the pure topological part contributes as well. The resulting force can be either attractive or repulsive, depending on the phases in the periodicity conditions along the compact dimensions, and also on the gauge potential. In this case, the Casimir effect could be used as a stabilization mechanism for both the interplate distance and the size of the compact subspace in Kaluza-Klein-type models and in braneworlds. This is a quite remarkable and very useful result, because this force could be, in principle, easily controlled. In Fig. 2 , we have plotted the ratio of the boundary induced part in the Casimir energy (per unit surface along uncompactified dimensions) for two parallel plates in the spacetime with topology R 3 × S 1 by the Casimir energy in R 3 , E (b) For a massless case the fermionic field is conformally invariant. We can generate the corresponding VEVs in conformally flat spacetimes by using standard conformal transformation techniques (see, for instance, [28] ) and the formulas given above. Consider a conformally-flat spacetime with the line-element 30) and spatial topology R p+1 × (S 1 ) q , with 0 z l L l , l = p + 2, . . . , D. As before, we assume the presence of two boundaries located at z = 0 and z = a (z p+1 ≡ z), with the boundary conditions
, where the subscript Ω specifies the quantities on the background described by Eq. (4.30) . For curved space gamma matrices we have γ tensor on the spacetime (4.30), one finds 31) where ψ ψ (Ω),R D and T ν µ (Ω),R D are the corresponding VEVs for spacetime (4.30) with trivial spatial topology R D . Note that for points away from the boundaries, all divergences are contained in these terms and the renormalization procedure is needed for them only. The second terms on the rhs of Eq. (4.31) are induced by the non-trivial topology and by the boundaries. Most important special cases of Eq. (4.30) are the de Sitter (dS) and the anti-de Sitter (AdS) spacetimes, with Ω 2 dS = 1/(Ht) 2 and Ω 2 AdS = 1/(kz) 2 , described in the inflationary and Poincare coordinates, respectively. In particular, the results for AdS bulk can be applied to massless Dirac fields in higher-dimensional Randall-Sundrum-type braneworld models with two branes and with compact internal spaces.
Casimir densities in carbon nanotubes
In a significant variety of planar condensed matter systems, the low-energy sector is very well described by the Dirac-like model. A well-known example is the important case of graphene. In this section we apply general results obtained above for electrons in cylindrical nanotubes of finite length. Recently, carbon nanotubes have attracted a lot of attention due to the experimental observation in them of a number of novel electronic properties, what renders them very important for technological purposes. A single-wall cylindrical nanotube is a graphene sheet rolled into a cylindrical shape. The low-energy excitations of the electronic subsystem in a graphene sheet can be described by a pair of two-component spinors, ψ A and ψ B , corresponding to the two different triangular sublattices of the honeycomb lattice of graphene (see, for instance, [2, 3] ). The Dirac equation for these spinors has the form (iv
where J = A, B, l = 1, 2, and D µ = ∂ µ + ieA µ with e = −|e| for electrons. In Eq. (5.1), v F ≈ 10 8 cm/s represents the Fermi velocity which plays the role of the speed of light. To make the treatment more general, we have included in Eq. (5.1) the mass (gap) term. The gap in the energy spectrum is essential for many physical applications. It can be generated by a number of mechanisms (see, for example, [3, 33, 34, 35, 36] ). In particular, they include the breaking of symmetry between two sublattices by introducing a staggered onsite energy [3] , the phenomenon of magnetic catalysis [33] , and the deformations of bonds in the graphene lattice [34] . Another approach is to attach a graphene monolayer to a substrate, the interaction with which breaks the sublattice symmetry [35] . Note that the Casimir interaction between graphene sheets, resulting from the quantum fluctuations of the bulk electromagnetic field, has been recently investigated in Ref. [37] (for the comparison of the results based on the hydrodynamic and Dirac models of dispersion for graphene, see Ref. [38] ). For the geometry of a carbon nanotube the spatial topology is R 1 × S 1 . The nanotube is characterized by its chiral vector C h = n w a 1 + m w a 2 , where n w , m w are integers, a 1 and a 2 are the basis vectors of the hexagonal lattice of graphene and a = |a 1 | = |a 2 | = 2.46Å is the lattice constant. For the length of the compact dimension, one has L = |C h | = a n 2 w + m 2 w + n w m w , where for zigzag and armchair nanotubes, C h = (n w , 0) and C h = (n w , n w ), respectively. All other cases correspond to chiral nanotubes. In the case n w − m w = 3q w , q w ∈ Z, the nanotube will be metallic and in the case n w − m w = 3q w the nanotube will be a semiconductor with an energy gap inversely proportional to its diameter. We will assume that the nanotube has finite length, a. As the Dirac field lives on the cylinder surface, it is natural to impose bag boundary conditions (2.2) on the cylinder edges which insure a zero fermion flux through these edges. The additional confinement of the fermionic field along the tube axis leads to the change of the VEVs. The corresponding expressions for the fermionic condensate and the energy-momentum tensor are obtained from the formulas of the previous sections, taking D = 2, p = 0, q = 1. The periodicity condition along the compact dimension for the fields ψ J depends on the chirality of the nanotube. For metallic nanotubes, we have periodic boundary condition (α l = 0) and for semiconductor nanotubes, depending on the chiral vector, there are two classes of inequivalent boundary conditions, corresponding to α l = ±1/3. These phases have opposite signs for the sublattices A and B. The presence of the gauge field in Eq. (5.1) leads to an Aharonov-Bohm effect in carbon nanotubes [39] . This effect manifests itself in a periodic energy gap modulation and conductance oscillations, as a function of the enclosed magnetic flux, with a period of the order of the flux quantum. As we will see below, similar oscillations arise for the fermionic condensate and Casimir densities.
First, we consider the fermionic condensate (see Ref. [40] for the fermionic condensate and VEV of the fermionic current in a (2 + 1)-dimensional conical spacetime, in the presence of a circular boundary). The corresponding expression is obtained from the formulas in Sect. 3 taking p = 0, D = 2 and summing the contributions coming from the two sublattices with opposite signs of α 2 ≡ α. For an infinite carbon nanotube, from Eq. (3.10) one has, for the pure topological part, 2) where Φ = A 2 L is the magnetic flux across the nanotube and α = 0, 1/3 for a metallic and for a semiconducting nanotube, respectively. In the case of a nanotube of finite length, a, the general expression (3.23) takes the form 3) with the notation (5.4) Note that for metallic nanotubes the contribution of the terms with j = + and j = − coincide. In the absence of the magnetic flux, the sublattices give the same contribution to the condensate. For a massless field the purely topological part vanishes and the boundary induced part reduces to
As already mentioned, the condensate is a periodic function of the magnetic flux, with period equal to the flux quantum Φ 0 . Various important limiting cases directly follow from the analysis given above. Now we turn to the VEV of the energy-momentum tensor. For the pure topological part, we have the expression (no summation over µ) 6) with the notations
In particular, in absence of magnetic flux, the corresponding energy density is positive for metallic nanotubes and negative for semiconducting ones. This means that, from the topological viewpoint, semiconducting nanotubes are more stable. For a finite length nanotube, from Eq. (4.17) we find the following expression (no summation over µ) 8) where
In absence of magnetic flux, the energy density corresponding to Eq. (5.8) is always negative for semiconducting nanotubes. For metallic nanotubes the energy density is positive for long tubes and negative for short ones. The forces acting on the tube edges are determined by the component T 1 1 cn . As already explained before, the force corresponding to the second term on the rhs of Eq. (5.8) is attractive, with independence of the nanotube chirality and of the magnetic flux. This term dominates for short nanotubes. As regards the first term, it dominates for long tubes and, in the absence of magnetic flux, it corresponds to the attractive force for metallic nanotubes and to the repulsive force for semiconducting ones. Hence, in absence of a magnetic flux, the resulting force is always attractive for metallic nanotubes, whereas for semiconducting ones the force is attractive for short tubes and repulsive for long ones. The sign of the force for long nanotubes can be simply controlled by tuning up the magnetic flux. This result is again of high technological importance.
In the massless case, the above formulas take the form (no summation over µ) (5.10) with the notations (5.11) In Fig. 3 we have plotted the vacuum energy density and vacuum stresses for a massless fermionic field in metallic nanotubes as functions of the tube length in absence of magnetic flux, a 0 being an arbitrary length scale. 12) with ζ(3) ≈ 1.202. The effective pressure on the tube edges is defined by − T 1 1 cn and, as seen from the right plot, it is always negative, corresponding to attractive forces between the edges for metallic nanotubes. Fig. 4 is a corresponding plot of the VEVs of the energy density and stresses for semiconducting nanotubes (α = 1/3), for a massless field in the absence of magnetic flux. Now, for long tubes we have the limiting value
The forces acting on the tube edges are attractive at small distances and repulsive at large distances.
In Fig. 5 we have plotted the vacuum energy density as a function of the magnetic flux for metallic (left plot) and semiconducting (right plot) nanotubes, respectively. Recall that the vacuum densities are periodic functions of the magnetic flux, with period equal to the flux quantum. The numbers labelling the curves correspond to the values of the ratio L/a. 
Conclusions
In this paper we have considered the effect of compact spatial dimensions on the fermionic condensate and VEV of the energy-momentum tensor for a massive fermion field in the geometry of two parallel plates on which the field obeys MIT bag boundary condition. Along the compact dimensions, we have assumed periodicity conditions (2.1) with constant phases α l . The eigenvalues of the wave-vector component normal to the plates are roots of the transcendental equation (2.9) . The mode sums for the fermionic condensate and the energy-momentum tensor contain series over these eigenvalues. By applying analytic continuation techniques, as the Abel-Plana-type summation formula, to these series, we have been able to explicitly extract and separate, in a cutoff independent way, the purely topological part and the contributions induced by the single plates. Purely topological contributions were investigated in Ref. [26] , and here we have been mainly concerned with the boundary induced parts.
In a (D + 1)-dimensional spacetime with spatial topology R p+1 × (S 1 ) q and with two parallel boundaries, the fermionic condensate is given by Eq. (3.23) , there the first term on the rhs is a purely topological contribution and the second term is induced by the presence of the plates. The boundary induced part is always negative, whereas the purely topological one, given by Eq. (3.10), can be either positive or negative, depending on the values of the phases in the periodicity conditions along the compact dimensions. For a massless field, the general formula for the fermionic condensate could be further simplified to Eq. (3.24) . Extracting there the contributions corresponding to the geometry of a single plate, the fermionic condensate could also be presented in the alternative form (3.27) . The fermionic condensate induced by a single plate, located at z = 0, is given by Eq. (3.17) . The condensate diverges on the boundary. For points near the boundary, the leading term in the asymptotic expansion over the distance from the plate is given by Eq. (3.20) . This term does not depend on the lengths of the compact dimensions and coincides with the boundary induced contribution of the fermionic condensate for a single plate, in a space with trivial topology R D . Far from the plate, the asymptotic behavior of the fermionic condensate essentially depends on the phases present in the periodicity conditions along the compact dimensions.
For α l = 0, l = p + 2, . . . , D, the main contribution comes from the zero mode and the quantity V q ψ ψ (1) p,q /N D coincides with the corresponding result for a plate in topologically trivial (p + 1)-dimensional space, R p+1 . For α l = 0, the zero mode is absent and the boundary induced part in the fermionic condensate is suppressed by the factor e −2m 0 z , where m 0 is defined in Eq. (3.22) . The interference part in the representation (3.27) for the fermionic condensate is given by Eqs. (3.28) and (3.29) for massive and for massless fields, respectively. Surface divergences are contained in the single plate parts and the interference contribution is finite and positive everywhere.
The VEV of the energy-momentum tensor was investigated in Sec. 4. In the region between the plates, this VEV is given by Eq. (4.17) , where the second term on the rhs is induced by the plates. The vacuum stresses along the uncompactified dimensions parallel to the plates are equal to the energy density. The boundary induced contribution to the energy density and stresses along the compact dimensions are always negative, whereas the corresponding contribution to the stress normal to the plates is positive and, moreover, a uniform function. For a massive field, the energy density and stresses along the directions parallel to the plates depend on the distance from the plate and diverge on the boundaries. For a massless field the VEV of the energy-momentum tensor is uniform, and given by Eq. (4.22) . An alternative representation for the VEV of the energy-momentum tensor is (4.24) , with the interference part defined in Eq. (4.25) . The single plate contributions, in this decomposition, are given by (4.12) . The surface divergences in the VEVs are contained in the single plate parts and the interference part is finite everywhere. Near the plates, the VEV of the energy-momentum tensor is dominated by the single plate parts and the leading term in the corresponding asymptotic expansion is given by Eq. (4.15) . In the geometry of a single plate and at large distances from the plate, compared to the length of the compact dimension, the behavior of the VEV is essentially different and crucially depends on the phases α l included in the periodicity conditions. Thus, for periodic boundary conditions, α l = 0, the dominant contribution comes from the zero mode and for the components along the uncompactified dimensions one has (no summation over µ) T µ µ
R p+1 /(V q N p+1 ), µ = 0, . . . , p + 1, where T ν µ (1) R p+1 is the corresponding VEV for plates in the space R p+1 . The stress along the l-th compact dimension is suppressed by the factor e −2z/L l . For α l = 0 all components of the vacuum energy-momentum tensor are suppressed by the factor e −2m 0 z .
The formulas derived for the fermionic condensate and for the VEV of the energy-momentum tensor are easily generalized to the case when a constant gauge field is present. In spite of the fact that the corresponding magnetic field strength vanishes, the non-trivial topology of the configuration leads to an Aharonov-Bohm-type effect on the vacuum expectation values. The corresponding formulas are obtained from those in the absence of a gauge field by the replacement (2.12) .
The vacuum force per unit surface of the plates is determined by the normal stress and, for the region between the plates, it is given by Eq. (4.28) , where the first term is the pure topological part and the second one the interaction part of the force. When the quantum field lives in all regions of space, the pure topological parts of the force acting from the left-and from the right-hand sides of every plate compensate each other, and the resulting force is just determined by the interaction part. This turns out to be always attractive, with independence of the periodicity conditions along the compact dimensions and the value of the gauge potential. In more physical situations, however, when the quantum field is confined in the region between the plates, the pure topological part contributes to the resulting force as well and in these cases the final forces can be either attractive or repulsive. Remarkably, the Casimir effect can then be used as a stabilization mechanism for both the interplate distance and for the size of the compact subspace in Kaluza-Klein-type models and in braneworld theories.
For massless fermionic fields, the Casimir densities for the two-plate geometry in conformallyflat spacetimes with compact spatial dimensions are obtained from the results above simply by using standard conformal transformation techniques. The corresponding fermionic condensate and the VEV of the energy-momentum tensor are thus given by Eq. (4.31) , where the separate contributions: the one induced by non-trivial topology and the other by the boundary conditions, are given by the second terms on the right-hand sides. The most important examples of configurations of this type are dS and AdS spacetimes.
In Sect. 5, we have applied our general results to the electrons in finite-length graphene nanotubes. The long-wavelength excitations of this system is basically described by Dirac's theory, with the Fermi velocity playing the role of speed of light. The corresponding expressions for the fermionic condensate and for the Casimir densities are obtained from the results of the preceding sections by summing the contributions of the two triangular sublattices of the honeycomb lattice of the graphene sheet, with opposite signs of the phases along the compact dimension. In the presence of a magnetic flux, the fermion condensate is given by Eqs. (5.3) and (5.5) , for massive and for massless fields, respectively. The pure topological contribution is then given by (5.2) . In these formulas, the values α = 0 and α = 1/3 correspond to metallic and to semiconducting nanotubes, respectively. The corresponding expressions for the VEV of the energy-momentum tensor have the form (5.8) and (5.10) . The VEVs are periodic functions of the magnetic flux with period equal to the flux quantum. In the absence of magnetic flux, the Casimir forces acting on the edges of the nanotube are always attractive for metallic nanotubes.
However, for semiconductor nanotubes the forces are attractive for short tubes and repulsive for longer ones. In the presence of the magnetic flux, the sign of the force for long tubes can be controlled by tuning the flux. This possibility opens the way to the design of efficient actuators driven by the Casimir force at the nanoscale, what is a most cherished goal of present day technology.
